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1. Introduction
It is well known that a positive integer is perfect (resp. unitary perfect) if it equals the sum of
its proper divisors (resp. the sum of its proper unitary divisors). A Mersenne number is an integer of
the form 2p − 1 where p is a prime number. One knows that an even integer is perfect if and only
if it is of the form M(M + 1)/2 for some Mersenne prime number M . No appropriate analogue is
known about unitary perfect numbers. However, of the ﬁve unitary perfect numbers that are known,
the numbers 6, 60 and 87360 have the form 2ms, where s is a squarefree odd integer. Graham [15]
shows that no other unitary perfect numbers have this form. DeBoer [6] proved that 90 is the only
unitary perfect number of the form 2m32s where s is squarefree with gcd(2 · 3, s) = 1.
We would like to deﬁne analogous notions over F2. For two natural numbers a,b such that
a + b  1, we may think of xa(x + 1)b as being the analogue of the integer 2a+b . So we may call
a polynomial even if it has some zero in F2, and odd otherwise. Moreover, if a + b  2, we deﬁne
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irreducible, we say that it is a Mersenne prime. Mersenne prime polynomials appear to be less sparse
than Mersenne prime integers (see Section 6), with about O (d) of them of degree d. We remark also
that a Mersenne polynomial is either a square or a squarefree polynomial whereas it is conjectured,
but not proved, that any Mersenne number 2n − 1, with n prime, is squarefree. An interesting classic
paper about Mersenne numbers is [16].
Let A ∈ F2[x] be a nonzero polynomial. We say that a divisor d of A is unitary if gcd(d, Ad ) = 1.
Let ω(A) denote the number of distinct irreducible (or prime) factors of A over F2 and let σ(A)
(resp. σ ∗(A)) denote the sum of all divisors (resp. unitary divisors) of A (σ and σ ∗ are multiplica-
tive functions). If σ(A) = A (resp. σ ∗(A) = A), then we say that A is a perfect (resp. unitary perfect)
polynomial.
This notion of perfection, introduced by Canaday (see [5]), might come as an analogue of the
following two notions over the integers:
(i) A positive integer n is perfect if and only if s(n) := σ(n) − n = n; i.e., if and only if it equals
the sum of all its proper divisors. In this case it is necessary to change s into σ for polynomials
since deg(s(A)) < deg(A) implies the non-existence of solutions A = 0, A ∈ F2[x] of the equation
s(A) = A.
(ii) A positive integer n is multiperfect if n divides σ(n); the quotient r = σ(n)n can be any integer
> 1; if r = 2 then n is perfect. Here we can keep the same notion since if for some polynomial
A ∈ F2[x], A divides σ(A), then we must have A = σ(A) since both have the same degree.
If A ∈ F2[x] is nonconstant and perfect, then ω(A) is at least two (see Lemma 2.1). Moreover,
the only (even) perfect polynomials over F2 with exactly two prime divisors are those of the form
(x(x + 1))2n−1 for some n ∈ N∗ (see [5]). We call these “trivial” perfect and call all others “sporadic”
perfect.
Contrary to the integer case in which any even perfect number has exactly two distinct prime
factors, we do not know the value of ω(A) for a non-trivial even perfect polynomial A ∈ F2[x]. We
are unable to describe a general form of such polynomials in terms of Mersenne primes. However,
as discussed below, with only two exceptions, all known non-trivial even perfect polynomials have
factorizations with Mersenne primes as odd divisors.
In the rest of the paper, for S ∈ F2[x], we denote by S the polynomial obtained from S with x
replaced by x+ 1: S(x) = S(x+ 1).
As usual, N (resp. N∗) denotes the set of nonnegative integers (resp. of positive integers).
The ﬁrst ﬁve Mersenne primes play a very important role in this paper. So, the following labels
will apply
M1 = 1+ x+ x2, M2 = 1+ x+ x3, M3 = 1+ x2 + x3 = M2,
M4 = 1+ x+ x2 + x3 + x4, M5 = 1+ x3 + x4 = M4.
E.F. Canaday, the ﬁrst doctoral student of Leonard Carlitz, began in 1941 [5] the study of perfect
polynomials by working over the prime ﬁeld F2. Later, in the seventies, J.T.B. Beard Jr. et al. extended
this work in several directions (see e.g. [1–4]) including the study of unitary perfect polynomials.
We became interested in this subject a few years ago and have obtained some results [7–14]. We
gave, for q ∈ {2,4}, a complete classiﬁcation of the (unitary) perfect polynomials A for which ω(A) is
small. In particular, we proved [8,9] that any nonconstant perfect polynomial A ∈ F2[x] with ω(A) 4
is even and has one of the following forms:
(
x2 + x)2n−1 with n ∈N∗,
T1 = x2(x+ 1)M1, T2 = T 1,
T3 = x3(x+ 1)4M5, T4 = T 3,
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(
x4 + x+ 1)M12, C2 = C1,
C3 = x4(x+ 1)4M4M5 = C3,
C4 = x6(x+ 1)3M2M3, C5 = C4.
Moreover, there are only two more known even perfect polynomials, both having ﬁve prime factors,
namely
S1 = x6(x+ 1)4M2M3M5 and S2 = S1.
We immediately remark that, except for C1 and C2, all of them are of the form xa(x+ 1)b P1 · · · Pr
where a,b ∈ N∗ and each P j is a Mersenne prime. These two exceptions C1,C2 show that contrary
to the case of integers, there exist even perfect polynomials over F2 which are divisible by a non-
Mersenne prime.
We characterize these nine known polynomials in Theorem 1.1 as the unique polynomials that
have factorizations involving Mersenne primes. More precisely, they are the only possible even perfect
polynomials with Mersenne primes as odd prime divisors raised to powers of the form 2n − 1. Under
some plausible conjectures (see Sections 5 and 6) we extend these results to any exponents in the
above factorization. Thus, if there are more even perfect polynomials over F2 besides the known ones,
they must have other kind of factorizations.
Concerning unitary perfection, in analogy to Graham’s result for integers, we proved in [14] that
the only even nonconstant unitary perfect polynomials over F2 of the form A = xa(x+ 1)b P c11 Pc22 ,
with each P1, P2 Mersenne prime and c1, c2 ∈N (that is ω(A) 4) are those of the form B2n or B 2
n
where
B ∈ {x3(x+ 1)3M12, x3(x+ 1)2M1, x5(x+ 1)4M4},
B ∈ {x7(x+ 1)4M2M3, x5(x+ 1)6M12M4, x5(x+ 1)5M4M5, x7(x+ 1)7M22M32}.
We see also that as in the case of 90 and 146361946186458562560000, there exist unitary even
perfect polynomials over F2 which are divisible by an odd square polynomial.
In this paper (see Theorem 1.3) we improve on these results by characterizing all unitary perfect
polynomials with an arbitrary number of prime divisors having factorizations involving Mersenne
primes.
Beard et al. [3, pp. 300–301] computed many unitary perfect polynomials over F2 up to degree 86.
The nature of his “probabilistic” algorithm [4, p. 298] and the computer resources at the time probably
did not allow him to obtain the list of all unitary perfect polynomials up to degree 86. Contrary to the
case of perfect polynomials, his list contains several polynomials with non-Mersenne prime factors.
As a consequence of our results, all unitary perfect polynomials of degree  29 must have a non-
Mersenne prime factor. This fact can be quickly checked for his list.
We think but are not able to prove (see Sections 5 and 6) that any even perfect (resp. unitary
perfect) polynomial over F2 which is divisible only by x, x+ 1 and Mersenne primes would be of the
form: xa(x+ 1)b Ph11 · · · Phrr , where hi = 2ni − 1 (resp. hi = 2ni ) and a,b, r,ni ∈N.
Our main results are the following:
Theorem 1.1. Let A = xa(x+ 1)b∏ri=1 Phii be an even polynomial over F2 , where each Pi is a Mersenne prime
and hi = 2ni − 1, ni ∈N∗ . Then A is perfect if and only if A, A ∈ {T1, T3,C3,C4, S1}.
Remark 1.2. Theorem 1.1 allows us to characterize nine of the eleven known sporadic even perfect
polynomials over F2.
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and hi = 2ni , ni ∈N∗ . Then A is unitary perfect if and only if ω(A) 5 and A is of the form B2n or B 2
n
where
B ∈ {x3(x+ 1)3M12, x3(x+ 1)2M1, x5(x+ 1)4M4} if ω(A) 3,
B ∈ {x7(x+ 1)4M2M3, x5(x+ 1)6M12M4, x5(x+ 1)5M4M5, x7(x+ 1)7M22M32} if ω(A) = 4,
B ∈ {x7(x+ 1)6M21M2M3, x7(x+ 1)5M2M3M5} if ω(A) = 5.
2. Preliminary
We need the following results. Some of them are obvious or well known, so we omit their proofs.
Lemma 2.1. (See [7, Lemma 2.3].) If A = Ph11 · · · Phrr Q k11 · · · Q kss is a nonconstant perfect polynomial over F2
such that {
P1, . . . , Pr, Q 1, . . . , Q s are distinct and prime,
deg(P1) = · · · = deg(Pr) < deg(Q 1) · · · deg(Q s),
then r is even.
Lemma 2.2. (See [13, Lemma 2.1].) If A = Ph11 · · · Phrr Q k11 · · · Q kss is a nonconstant unitary perfect polynomial
over F2 such that{
P1, . . . , Pr, Q 1, . . . , Q s are distinct and prime,
h1 deg(P1) = · · · = hr deg(Pr) < k1 deg(Q 1) · · · ks deg(Q s),
then r is even.
Lemma 2.3. If A = A1A2 is (unitary) perfect over F2 and if gcd(A1, A2) = 1, then A1 is (unitary) perfect if
and only if A2 is (unitary) perfect.
Lemma 2.4.
(i) If A is perfect over F2 , then the polynomial A is also perfect over F2 .
(ii) If A is unitary perfect over F2 , then the polynomials A and A2
n
are also unitary perfect over F2 , for any
n ∈N.
One does not know whether odd perfect polynomials over F2 exist. Nevertheless, one has:
Lemma 2.5. If A is an odd perfect polynomial over F2 , then A is a square.
We recall here some useful results from Canaday’s paper [5].
Lemma 2.6. (See [5, Lemmas 4, 5, 6 and Theorem 8].) Let P , Q ∈ F2[x] such that P is irreducible and let
n,m ∈N.
(i) If 1+ P + · · · + P2n = Q m, then m ∈ {0,1}.
(ii) If 1+ P + · · · + P2n = Q mA, with m > 1 and A ∈ F2[x] is nonconstant, then deg(P ) > deg(Q ).
(iii) If 1 + x + · · · + x2n = P Q and P = 1 + (x + 1) + · · · + (x + 1)2m, then n = 4, P = 1 + x + x2 and
Q = P (x3) = 1+ x3 + x6 .
(iv) If any irreducible factor of 1+ x+ · · · + x2n is of the form xa(x+ 1)b + 1, then n ∈ {1,2,3}.
(v) If 1+ x+ · · · + xh = 1+ (x+ 1) + · · · + (x+ 1)h, then h = 2n − 2, for some n ∈N.
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3.1. Some facts
Lemma 3.1. Let A = xa(x+ 1)b∏ri=1 Phii be an even perfect polynomial over F2 , where each Pi is a Mersenne
prime and hi = 2ni − 1, ni ∈N∗ . Then:
(i) a ∈ {2,4,6} if a is even.
(ii) a is of the form 2tu − 1, where u ∈ {1,3,5,7} if a is odd.
(iii) For any i, P i ∈ {M1,M2, . . . ,M5} and hi ∈ {1,3}.
Proof. (i) It follows by Lemma 2.6(iv), since x and x+ 1 do not divide σ(xa) = 1+ x+ · · · + xa .
(ii) Put a + 1 = 2tu, with u odd and t  1. We have
σ
(
xa
)= 1+ x+ · · · + xa = (1+ x)2t−1(1+ x+ · · · + xu−1)2t .
If u  3, then as above, u − 1 must belong to {2,4,6}.
(iii) Since A is perfect, any prime divisor of σ(xa) (resp. of σ((x + 1)b)) divides A and thus must
lie in {x, x+ 1, P1, . . . , Pr}. We deduce from Lemma 2.6(iv) that for any i, Pi ∈ {M1, . . . ,M5}.
We remark also that σ(Phii ) = (1+ Pi)hi is not divisible by P j , for any i, j.
Moreover, by Lemma 2.6(ii), the exponents of P j involved in σ(xa) and in σ((x+1)b) must belong
to the set {0,1,2v : v ∈N∗}.
Hence, by comparing exponents of P j , we get
2n j − 1 = h j ∈
{
0,1,2,2v ,2v + 1,2v + 2w : v,w ∈N∗}.
It follows that n j ∈ {1,2} and h j ∈ {1,3}. We are done. 
Corollary 3.2. If A = xa(x+ 1)b∏ri=1 Pihi is perfect, with each Pi Mersenne prime and hi ∈ {1,3}, then a is
even or b is even.
Proof. If a and b are both odd, then by Lemma 3.1, a = 2tu − 1, b = 2s v − 1 for some t, s ∈ N∗ and
u, v ∈ {1,3,5,7}. Hence
σ
(
xa
)= (x+ 1)2t−1(1+ x+ · · · + xu−1)2t ,
σ
(
(x+ 1)b)= x2s−1(1+ (x+ 1) + · · · + (x+ 1)v−1)2s .
Furthermore, for any i, j, Pi does not divide σ(P
h j
j ) = (1+ P j)h j .
If u  3 and if some Pi divides 1+ x+ · · ·+ xu−1 and does not divide 1+ (x+ 1)+ · · ·+ (x+ 1)v−1
then 2t = hi = 2ni − 1, which is impossible.
If Pi divides 1+ x+ · · · + xu−1 and 1+ (x+ 1) + · · · + (x+ 1)v−1 then 2t + 2s = hi = 2ni − 1, which
is also impossible.
So, u = 1 and analogously v = 1.
It follows that
σ
(
xa
)= (x+ 1)a, σ ((x+ 1)b)= xb.
Hence, a = b and xa(x + 1)b is perfect. By Lemma 2.3, the polynomial ∏ri=1 Pihi is also perfect. This
contradicts Lemma 2.5. 
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either A = (x2 + x)2n−1 for some n ∈N∗ or A, A ∈ {T1, T3,C3,C4}.
We can now prove Theorem 1.1.
3.2. The proof
In the rest of this section, A = xa(x+ 1)b∏ri=1 Pihi , with each Pi Mersenne prime and hi ∈ {1,3}.
By Corollary 3.2, at least one of the two integers a,b is even.
3.2.1. Case a,b even
In this case, we have
1+ x+ · · · + xa = Pi1 · · · Pis .
Since the Pi j ’s are Mersenne prime, by Lemma 2.6(iv), we obtain a ∈ {2,4,6}.
Similarly, one has b ∈ {2,4,6}. The integers a and b play symmetric roles, so we may suppose that
a b and (a,b) ∈ {(2,2), (2,4), (2,6), (4,4), (4,6), (6,6)}.
Case a = b = 2.
In this case, 1+ x+ x2 = 1+ (x+ 1) + (x+ 1)2 = M1, so ω(A) = 3. By Lemma 3.3, A is not perfect.
Case a = 2, b = 4.
In this case, 1 + x + x2 = M1 and 1 + (x + 1) + · · · + (x + 1)4 = 1 + x3(x + 1) = M5. So r = 2 and
ω(A) = 4. By Lemma 3.3, A is not perfect.
Case a = 4, b = 4.
In this case, σ(xa) = M4 and σ((x+ 1)b) = M5. So r = 2 and ω(A) = 4. Hence A = C3.
Case b = 6.
In this case, 1+ (x+ 1) + · · · + (x+ 1)6 = (x3 + x+ 1)(x3 + x2 + 1) = M2 · M3. So r  2.
σ(M2) = 1 + M2 = x(x + 1)2, σ(M3) = 1 + M3 = x2(x + 1). It follows that x3 divides σ(A) = A.
Thus, a 3.
If a = 6, then σ(xa) = 1+x+· · ·+x6 = (x3+x2+1)(x3+x+1) = M3 ·M2. So, M22,M32 || σ(A) = A,
which is impossible. We conclude that a = 4. Thus, σ(xa) = 1+ x+ x2 + x3 + x4 = 1+ x(x+ 1)3 = M4,
and so A = S2.
3.2.2. Case a even and b odd
In this case, by Lemma 3.1, we have a ∈ {2,4,6} and b = 2mu − 1 for some m ∈ N∗ and u ∈
{1,3,5,7}.
Case u = 1, a = 2.
In this case, σ(xa) = 1+ x+ x2 = M1, σ((x+1)b) = xb, σ (M1) = x(x+1). Thus, 2m −1+1 = b+1
a = 2. So m = 1 and A = T1.
Case u = 1, a = 4.
In this case,
σ
(
xa
)= 1+ x+ x2 + x3 + x4 = 1+ x(x+ 1)3 = M4,
σ
(
(x+ 1)b)= xb, σ (M4) = x(x+ 1)3.
926 L.H. Gallardo, O. Rahavandrainy / Finite Fields and Their Applications 18 (2012) 920–932Thus,
2m − 1+ 1 = b + 1 a = 4 and 3 b = 2m − 1.
So m = 2 and A = T3.
Case u = 1, a = 6.
In this case,
σ
(
xa
)= 1+ x+ · · · + x6 = (1+ x+ x3)(1+ x2 + x3)= M2 · M3,
σ
(
(x+ 1)b)= xb, σ (M2) = x(x+ 1)2, σ (M3) = x2(x+ 1).
Thus,
2m − 1+ 2+ 1 = b + 2+ 1 a = 6 and 3 b = 2m − 1.
So m = 2 and A = C4.
Case u = 3.
In this case, σ((x+ 1)b) = x2m−1M12m .
If a ∈ {4,6}, then M1 does not divide σ(xa). Hence, M12m ‖ σ(A) = A. So, by Lemma 3.1(iii), 2m ∈
{1,3}, which is impossible.
It follows that a = 2, M12m+1 ‖ σ(A) = A. So, 2m +1 ∈ {1,3}. Hence, m = 1, b = 5, ω(A) = 3. Hence,
by Lemma 3.3, this case is not possible.
Case u = 5.
In this case, σ((x+ 1)b) = x2m−1M42m .
If a ∈ {2,6}, then M4 does not divide σ(xa). Hence, M42m ‖ σ(A) = A. So, 2m ∈ {1,3}, which is
impossible.
It follows that a = 4, M42m+1 ‖ A. So, 2m + 1 ∈ {1,3}. Hence, m = 1, b = 9, ω(A) = 3. Again, by
Lemma 3.3, this case is not possible.
Case u = 7.
In this case, σ((x+ 1)b) = x2m−1M22mM32m .
If a ∈ {2,4}, then M2 and M3 do not divide σ(xa). Hence, M22m ‖ A. So, 2m ∈ {1,3}. It is impossible
since m 1.
It follows that a = 6, σ(xa) = M2M3. Therefore, M j2m+1 ‖ A, for j ∈ {1,2}. So, 2m + 1 ∈ {1,3}.
Hence, m = 1, b = 13, ω(A) = 4. Again, Lemma 3.3 rules this case out.
This completes the proof of Theorem 1.1.
4. Proof of Theorem 1.3
4.1. Some useful facts
Lemma 4.1. If P = xa(x + 1)b + 1 is a Mersenne prime, then for any m ∈ N∗ , σ ∗(Pm) is always divisible by
x(x+ 1).
Proof. Put m = 2tu, with u odd and t ∈N (t = 0 if m is odd). We have
σ ∗
(
Pm
)= 1+ Pm = (1+ P )2t (1+ P + · · · + Pu−1)2t ,
and 1+ P is divisible by x and by x+ 1. We are done. 
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of the form B2
n
or B
2n
where
B ∈ {x2 + x, x3(x+ 1)3M12, x3(x+ 1)2M1, x5(x+ 1)4M4} if ω(A) 3,
B ∈ {x7(x+ 1)4M2M3, x5(x+ 1)6M12M4, x5(x+ 1)5M4M5, x7(x+ 1)7M22M32} if ω(A) = 4.
Lemma 4.3. If A = xa(x+ 1)b∏ri=1 Pi2mi , with each Pi Mersenne prime, is unitary perfect, then a and b are
of the form 2mu where m,u ∈N, u odd and u ∈ {1,3,5,7}.
Proof. Put a = 2mu, with u odd and m 0. We have
σ ∗
(
xa
)= 1+ xa = (1+ x)2m(1+ x+ · · · + xu−1)2m .
If u  3, then any prime divisor of 1 + x + · · · + xu−1 divides σ ∗(xa) and thus divides σ ∗(A) = A.
Hence it is a Mersenne prime, since u − 1 2 is even. By Lemma 2.6(iv), u − 1 ∈ {2,4,6}. 
We can now prove Theorem 1.3.
4.2. The proof
In the rest of this section, we put: A = xa(x+ 1)b∏ri=1 Pi2mi , with each Pi Mersenne prime. Put
a = h1 = 2hc, b = k1 = 2kd, Pi = xai (x+ 1)bi + 1, ni = 2mi ,
with h,k,ni ∈N, c,d odd.
Since A is unitary perfect, we have
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩
1+ xa = (1+ x)2h (1+ x+ · · · + xc−1)2h = (1+ x)2h (Pt11 · · · Ptrr )2h ,
1+ (x+ 1)b = x2k(Pu11 · · · Purr )2k ,
1+ Pnii = (1+ Pi)2
mi = (xai (1+ x)bi )2mi , 1 i  r,
t1, . . . , tr,u1, . . . ,ur ∈ {0,1}, by Lemma 2.6(ii),
ω(A) = r + 2.
(1)
By considering degrees and exponents of x, x+ 1, P1, . . . , Pr , we get from (1):⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩
2hc = 2h
(
1+
r∑
i=1
(ai + bi)ti
)
= 2k +
r∑
i=1
2miai,
2kd = 2k
(
1+
r∑
i=1
(ai + bi)ui
)
= 2h +
r∑
i=1
2mibi,
(ai + bi)ni = (ai + bi)2mi = 2hti + 2kui, 1 i  r.
(2)
Since a and b play symmetric roles, it suﬃces to consider the following cases:
c,d ∈ {1,3,5,7}, c  d.
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In this case, ti = ui = 0 for any i. So we get from system (2): (ai + bi)ni = 0 for any i. It is
impossible.
Case c = 3, d = 1.
We have: ui = 0 for any i, P1 = 1+ x+ x2 = M1 and r = 1, ω(A) = 3. It follows by Lemma 4.2 that
A = (x3(x+ 1)2M1)2h .
Case c = 5, d = 1.
We have: ui = 0 for any i. Since σ ∗(xc) = 1+ x5 = (1+ x)M4, we get r = 1 and ω(A) = 3. It follows
by Lemma 4.2 that A = (x5(x+ 1)4M4)2h .
Case c = 7, d = 1.
We have: ui = 0 for any i. Since σ ∗(xc) = 1 + x7 = (x + 1)M2M3, we get r = 2 and ω(A) = 4. It
follows by Lemma 4.2 that A = (x7(x+ 1)4M2M3)2h .
Case c = d = 3.
We have P1 = 1 + x + x2 = M1 and r = 1, n1 = 2. It follows that ω(A) = 3 and A =
(x3(x+ 1)3M12)2h .
Case c = 5, d = 3.
Since 1 + x5 = (1 + x)M4 and 1 + (x + 1)3 = x(1 + x + x2) = xM1, we get r = 2, ω(A) = 4 and
A = (x5(x+ 1)6M12M4)2h .
Case c = 7, d = 3.
Since 1 + x7 = (1 + x)M2M3 and 1 + (x + 1)3 = x(1 + x + x2) = xM1, we get r = 3. It follows that
ω(A) = 5 and ⎧⎪⎨
⎪⎩
7 · 2h = 2k + 2m1 + 2 · 2m2 + 2m3 ,
3 · 2k = 2h + 2 · 2m1 + 2m2 + 2m3 ,
2m1 = 2h, 2m2 = 2h, 2m3 = 2k.
Thus,
m1 =m2 = h, m3 = k = h + 1 and A =
(
x7(x+ 1)6M12M2M3
)2h
.
Case c = d = 5.
Since 1 + x5 = (1 + x)M4 and 1 + (x + 1)5 = x(1 + x3 + x4) = xM5, we get r = 2, h = k =m1 =m2
and A = (x5(x+ 1)5M4M5)2h .
Case c = 7, d = 5.
Since 1+ x7 = (1 + x)M2M3 and 1+ (x + 1)5 = x(1+ x3 + x4) = xM5, we get r = 3. It follows that
ω(A) = 5 and ⎧⎪⎨
⎪⎩
7 · 2h = 2k + 2m1 + 2 · 2m2 + 3 · 2m3 ,
5 · 2k = 2h + 2 · 2m1 + 2m2 + 2m3 ,
2m1 = 2h, 2m2 = 2h, 2m3 = 2k.
Thus,
m1 =m2 =m3 = k = h and A =
(
x7(x+ 1)5M2M3M5
)2h
.
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Since 1+ x7 = (1+ x)M2M3 and 1+ (x+ 1)7 = xM2M3, we get r = 2, m1 =m2 = k+ 1 = h+ 1 and
A = (x7(x+ 1)7M22M32)2h .
This completes the proof of Theorem 1.3.
5. Conjectural characterizations
Proposition 5.1. Let P ∈ F2[x] be an odd irreducible polynomial. Then σ(P2m−1) is divisible by x(x + 1) for
any m ∈ N∗ .
Proof. Write 2m = 2hK with K odd and h 1. We get
σ
(
P2m−1
)= (1+ P )2h−1(1+ P + · · · + P K−1)2h ,
and x(x+ 1) divides 1+ P , since P is odd. 
Conjecture 5.2. If P = xa(x+ 1)b + 1 is a Mersenne prime with (a,b) /∈ {(2,1), (1,2)}, then for any m ∈N∗ ,
σ(P2m) is always divisible by a non-Mersenne prime.
Assuming this conjecture, we get the following results.
Corollary 5.3. If A = xa(x+ 1)b∏ri=1 Pici is perfect with each Pi Mersenne prime, then ci = 2ri −1, for any i.
Proof. By Conjecture 5.2, there exists an irreducible polynomial Q such that Q divides σ(Pcii ) =
1+ Pi + · · · + Pcii and Q is not a Mersenne prime. So, Q divides σ(A) = A. Hence, Q ∈ {x, x+ 1} and
ci must be odd. Put ci = 2ri u − 1, where u is odd and ri ∈N∗ . We have
σ
(
Pcii
)= (1+ Pi)2ri−1(1+ Pi + · · · + Pu−1i )2ri .
If u  3, then still by Conjecture 5.2, there exists a non-Mersenne prime R such that R divides 1 +
Pi + · · · + Pu−1i . Thus, R divides σ(A) = A. But R /∈ {x, x+ 1} since u − 1 2 is even. This contradicts
the fact that any prime divisor of A which is not Mersenne prime must lie in {x, x+ 1}. So, u = 1 and
ci = 2ri − 1. 
Corollary 5.4. Let A = xa(x+ 1)b∏ri=1 Pcii be an even unitary perfect polynomial over F2 , with each Pi
Mersenne prime and ci ∈N∗ , then ci = 2mi for any i.
Proof. If ci = 2mi u for some i, with mi  0 and u  3 odd, then
σ ∗
(
Pcii
)= 1+ Pcii = (1+ Pi)2mi (1+ Pi + · · · + Pu−1i )2mi .
By Conjecture 5.2, there exists a non*Mersenne prime R such that R divides 1 + Pi + · · · + Pu−1i , so
R divides σ ∗(A) = A. As in the proof of Corollary 5.3, we get R /∈ {x, x + 1} and the same contradic-
tion. 
Corollary 5.5. All even perfect (resp. unitary perfect) polynomials over F2 , of the form xa(x+ 1)b∏ri=1 Pcii ,
where each Pi is Mersenne prime, are known and are given by Theorem 1.1 (resp. by Theorem 1.3).
We provide now some computational evidence for our conjectural results about Mersenne primes.
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Conjecture 5.2 holds for many Mersenne primes. Indeed, in order to try to violate it (or the more
general Conjecture G, see below), we have examined many such polynomials and many irreducible
odd polynomials of moderated degree (up to 3000 for the Mersenne’s, and up to 24 for more general
irreducible polynomials). In other words, we searched for irreducible polynomials Q of the above
forms and for even integers m (up to 8000 for the Mersenne’s, and up to 800 for the others) satisfying
σ
(
Q m
)= P1 · · · Pr, (3)
where all Pi are distinct Mersenne prime.
None was found except the three polynomials M2,M3 and 1+ x+ x4, with m = 2 for all of them.
It is not diﬃcult to see (Lemma 6.1) that if we consider (3) minimal then we may take m = p − 1
for some odd prime number p. This extends considerably the range of m’s for which (3) has no
solutions (see Corollary 6.9). This fact was also useful to improve the running time of our computer
programs.
Lemma 6.1. Let Q be an odd irreducible polynomial and let m be a positive even integer such that σ(Q m) is a
product of distinct Mersenne primes. Then there exists a prime number 2 < p m+1 such that S = σ(Q p−1)
is a product of distinct Mersenne primes.
Proof. We take p as a prime divisor of m + 1. Then S = (Q p − 1)/(Q − 1) divides (Q m+1 − 1)/
(Q − 1) = σ(Q m) so that we get the result. 
In order to present our computational results (see Propositions 6.7, 6.8 and Corollary 6.9), we
deﬁne:
Deﬁnition 6.2. Let P ∈ F2[x] be an irreducible odd polynomial. Let n be a positive integer. Let S =
σ(P2n). We call the pair (P ,n) regular if (a) S is squarefree and (b) S has a prime divisor that is not
Mersenne. We call the pair (P ,n) exceptional if (a) S is squarefree and (b) all irreducible divisors of S
are Mersenne.
Proposition 6.3. Let P ∈ F2[x] be a Mersenne prime. Let n be a positive integer. Let S = σ(P2n). Then the pair
(P ,n) is exceptional if and only if all irreducible divisors of S are Mersenne.
Proof. First of all, we remark that either P ′ = 1 or P ′ splits over F2, where P ′ means the formal ﬁrst
derivative of P relative to x. It suﬃces to prove that S is squarefree. Assume to the contrary that
some irreducible polynomial Q divides gcd(S, S ′). Observe that
S ′ = (P + P3 + · · · + P2n−1)′ = P ′σ (Pn−1)2 and S = (1+ Pn)σ (Pn−1)+ P2n.
If Q | σ(Pn−1) then Q | P2n so that Q = P . It is impossible since P  S. So, Q must divide P ′ which
must split. Hence, Q = x or Q = x + 1. This is impossible since S is odd. This proves the proposi-
tion. 
Proposition 6.4. Let P ∈ F2[x] be an irreducible odd polynomial. Let n be a positive integer. Let S = σ(P2n)
and T = σ(S). If the pair (P ,n) is exceptional, then T splits in F2[x].
Proof. T splits since σ(M) = 1+M splits for any Mersenne prime M. This proves the proposition. 
We consider here more general conjectures, that imply Conjecture 5.2:
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integer such that
σ
(
σ
(
P2n
))
splits in F2[x],
are the pairs (M2,1), (M3,1) and (1+ x+ x4,1).
Conjecture H. The only exceptional pairs (P ,n) are (M2,1), (M3,1) and (1+ x+ x4,1).
Lemma 6.5. Conjecture G implies Conjecture H which in turn implies Conjecture 5.2.
Proof. From Proposition 6.4 we get the ﬁrst claim. Assume now that Conjecture H holds. Let Q be
Mersenne prime and let m be a positive integer such that all irreducible factors of S = σ(Q m) are
Mersenne. Then, the integer m must be even. By Lemma 6.1 there exists an odd prime number p 
m+1 such that σ(Q p−1) is a product of Mersenne primes. By Proposition 6.3, the pair (Q , (p−1)/2)
is exceptional. The result follows. 
By [17, Theorem 3.25] we get the number of irreducible polynomials in F2[x] that we need to
check in order to establish Proposition 6.7.
Lemma 6.6. There are
N(d) =
d∑
k=2
(1/k)
(∑
e|k
μ(e)2k/e
)
irreducible odd polynomials in F2[x] of degree not exceeding d. Here, μ denotes the Möbius function.
After some straightforward computations in gp-PARI we obtain:
Proposition 6.7. The only pairs (P ,n) such that
⎧⎪⎨
⎪⎩
σ
(
σ
(
P2n
))
splits in F2[x],
P is odd irreducible of degree d 24
(
there are N(24) = 1465018 of them),
deg
(
P2n
)
 800,
are (M2,1), (M3,1) and (1+ x+ x4,1).
These pairs are the only exceptional pairs satisfying the numerical bounds above.
Proposition 6.8. The only exceptional pairs (P , (p − 1)/2) such that P = xa(x+ 1)b + 1 is a Mersenne prime
of degree d = a + b  3000 (there are 3609 such polynomials) and p is an odd prime number such that
deg(P p−1) 8000, are (M2,1), (M3,1) for both of which p = 3.
Corollary 6.9. The following pairs (P ,m) satisfy Conjecture 5.2:
{
P = xa(x+ 1)b + 1 is a Mersenne prime, (a,b) /∈ {(1,2), (2,1)}, a + b 3000,
m 1 and 2m + 1 has a prime divisor p such that deg(P p−1) 8000.
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